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During Rectilinear Oscillatory Shear of 
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and 
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Mathematics Department, University of Strathclyde, Glascow G 1 1 XH, U. K. 

(Receiwd September 4. 1980) 

Rectilinear oscillatory shearing of nematic liquid crystals in thin largearea (10 cm X 8 cm X 
10 pm) cells has been studied in the range 20 to 100 Hz for two uniform initial alignments. one 
planar and parallel to the direction of oscillation and the other homeotropic. In the formercase. 
forcertain positive values of the viscositycoefficient (13 a flow-alignment instability occursabove 
a critical amplitude A, for the displacement of the movable upper plate, leading to  formation of 
regular cm-wide bands of alternating 2n and -27r twist, running parallel to the alignment direc- 
tion. The width ofthe bandsdecreases with decreasing temperatureand increasingfrequency. the 
total number present dependingon the size of the cell. In homeo~ropicalignment, similar bands of 
lower twist form at a n  angle to the direction of oscillation, in this case both for certain positive 
values of (13 and, in addition, for a3 slightly negative. A theoretical expression for A ,  in the cases 
with a3 > 0 has been derived and substantially confirmed experimentally. The theory further 
predicts the existence of a remarkable "stability gap" where, although the expression for A,  is a 
minimum, there is no instability and formation of bands should not occur. By exploiting the di- 
vergence of a3 at a smectic A phase, theoryand experiment have beencompared overa wide range 
of a) values, and the stability gap confirmed experimentally for several materials. In the case of 
"weak" smectic phases (i.e., showing actual or incipient re-entrant behavior) the expected diver- 
gence of A ,  does not occur until significantly inside the smectic phase range. Extrapolation of 
I /  AS against temperature can be used to locate accurately the temperature at which a3 is zero. A 
variety of materials has been studied, revealing that (13 may be positive in a rather wider range of 

t Presented at the Eighth International Liquid Crystal Conference. Kyoto, Japan, June 30- 
July4,  1980. 
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196 [I4741 M. C. CLARK el ul. 

rnaterialsthan had previously been realired.and that whencul is positive it usually remainsso over 
most or all of the nematic range. 

1 INTRODUCTION 

It is well known that the flow properties of a nematic liquid are characterized 
by six coefficients denoted a1 to a h ,  of which two in  particular. a: and a~ de- 
scribe the coupling between flow and director orientation.' There are impor- 
tant qualitative and quantitative differences between the flow properties of 
materials with a3 < 0 and those with a3 > 0: whensubjected to steady simple 
shear flow, materials in  the first class align with their director at  a fixed angle 
to the velocity ("flow alignment") for all magnitudes of shear, whereas mate- 
rials with a3 > 0 d o  not. Both classes of material may show hydrodynamic 
instabilities when subjected to suitable shear flows. Previous workers have 
studied instabilities induced by constant orverylow frequency(1ess thana  few 
Hz) shear for both rectilinear2-' and couette flow8, and by high (ultrasonic) 
frequency rectilinear shear.'". ' I  Both Pieranski, Guyon, and  and 
Cladis and Torza', 'have identified instabilities associated with a3 > 0. More 
recently, Skarp et a/.", I 3  have studied the behavior of a material with 03 > 0 
under the shear induced by relative rotation of two discs. 

In this paper we report experimental and theoretical studies of a new and 
unusual hydrodynamic instability induced by rectilinear oscillatory shearing 
of thin nematic films at  frequencies in the range 20-100 Hz. Motivated by a 
need to  understand the hydrodynamics of nematics as part of our work on 
advanced liquid crystal displays, we have concentrated particularly on the be- 
havior of homogeneously aligned films sheared parallel to the alignment di- 
rection. In such cells the instability occurs only if a3 > 0. when it takes the 
form of centimeter-wide spatially-periodic bands (visible between crossed po- 
lars) parallel to the alignment direction. Even more remarkably, we predict 
and observe that in the region where one might expect the smallest critical 
amplitude of shearing for instability, the motion is in fact stable and bands d o  
not occur. The behavior of homeotropically-aligned cells, although broadly 
similar, differs in detail with formation of bands occurring both for a3 > 0 
and when a3 is slightly negative. We have observed these effects in a widevar- 
iety of materials (Table I ) ,  and it is clear from our work that a3 may be positive 
in a rather wider range of materials than was perhaps realized previously. in- 
cluding materials that do not actually show a smectic phase. 

In Section 2 of this paper our experimental procedures are detailed and the 
experimental observations broadly outlined. A necessarily rather approxi- 
mate, theoretical calculation of the motions leading to the instability is given 
in Section 3, and used for a detailed discussion and  interpretation of our re- 
sults in Section 4. 
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FLOW ALIGNMENT AND OSCILLATORY S H E A R  

TABLE I 

Summary of materials considered in this paper 

[I4751 197 

Temperature at 
Composition Phase transitions which (YI  = 0 

Denotation (wt %) / formulae) ("C) ("C)* 

K2 I 

K24 

80K MT 

79KMl 

75KMT 

Z1.I 518 

ZLI 1085 

SSM 

C7 H I 5 Cn HJ * C h  HJ * CN 

Cx H 1 7 .  CoH, * CnH,. CN 

X O R  K21 
1 1 % )  M24 

95; TI5 
(CxH I 7 0 .  Cn HJ * Cn HJ * CN) 

( C ~ H I  I * ChHi * CnH, * Ch H, a CN) 

79"; K2 I 
12% M24 
9% TI5 

7%; K2I 

165% M24 
957( TI5 

Proprietary mixture 
of esters ( E  Merck) 

Proprietary mixture 
of esters (E Merck) 

R.CoHi,i. COz . c6H.1. O R '  
42%, R = C < H i , R ' =  C B H I ~  
40% R = C S H I I R ' =  C jHi i  
18% R = C S H I I R ' =  C3H7 

K30N42.8 I 

K21.5Sa33.5N40.5 I 

N61.2 I 

N60.6 I 

N12 5.420 N62 I 

N80 I 

KON83 I 

Sa28N 76.6 I 

48.5(S) 

* S  = shear cell method C = conoscopic method. 
[ ] denotes temperature greater than clearing point. 

2 EXPERIMENTS 

2.1 Apparatus and procedures 
The cells used were constructed from glass plates approximately 10 cm by 8 
cm in area; 3 mm thick glass was used to ensure adequate rigidity. The inner 
surfaces of both plates were treated either with PVA rubbed parallel t o  the 
intended direction of oscillation to  produce low tilt homogeneous alignment 
parallel to the applied velocity, or with lecithin to  produce homeotropic 
alignment with the director perpendicular to the plates. The plates were 
spaced, normally at 10 pm, by inserting short (2-3 mm) lengths of glass fiber, 
which also served as rollers so that the top plate moved freely with respect t o  
the bottom one. The overall thickness variations across empty cells, deter- 
mined by counting interference fringes for sodium light, was typically 2-3 pm. 
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198 [I4761 M. G .  CLARK CI ul. 

A fiducial mark on the upper glass surface enabled the amplitude of oscilla- 
tion during shearing to be measured. Cells were capillary filled and the align- 
ment was then checked between crossed polarizers to ensure its uniformity. 

Figure I shows theapparatus used to apply shear. Theequilibrium temper- 
ature of the enclosure was controlled to within f0 .5"C in the range 5°C to 
90°C by use of a P.I.D. temperature controller driving two resistive heating 
bars with, in  addition, cold nitrogen gas circulated into the enclosure when 
cooling below room temperature. A settling time of 15-30 min. was normally 
allowed between selected temperatures to ensure that the cell was in  equilib- 
rium with the enclosure. 

The bottom plate of the cell was secured to the apparatus, and the top plate 
attached via a rigid linkage to a linear actuator driven from a signal generator 
whose amplitude and frequency could be varied. Observation confirmed that 
the linear actuator was fully capable of driving the upper plate, with the fidu- 
cia1 mark moving smoothly and appearing to follow the waveform produced 
by the signal generator precisely. 

The cell was viewed in transmission through glass windows in the enclosure. 
Illumination was provided by a variable-rate xenon strobe lamp, and polar- 
ized and analyzed by use of high-quality Polaroid. Visual examinations were 
normally made with the analyzer crossed. The peak-to-peak amplitude of os- 
cillation of the upper plate was measured by setting the strobe frequency to 
match the frequency of oscillation. thus visually slowing down the motion, 
and determining the extremities of movement of the fiducial mark with the 
travelling microscope. Data on the width of the bands was obtained by arrang- 
ing for the travelling microscope to rack across the cell. Measurements of the 
amplitude of oscillation and the widths are accurate to about 0.001 cm. 

We have also made determinations of the sign of a3 by the conoscopic 

w 
nuvuu*r rupoocoPt 

TCWCMTUIC 
C U N T D u i O  
SWL-UK 

FIGURE I Apparatus used for oscillatory rectilinear shearing of nematic films. 
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FLOW ALIGNMENT AND OSCILLATORY SHEAR [I4771 199 

method of Pieranski and G ~ y o n . ~  Cells were made from 7 cm by 2 cm micro- 
scope slides, with zero tilt homogeneous alignment produced by 30" evapora- 
tion of silicon monoxide, and spaced with 100 pm ballotini. The conoscopic 
figure was obtained for filtered mercury light. We formed the impression that 
the amount of shearing of the upper plate required to displace theconoscopic 
figure correlates with the magnitude of 0 3  for both signs ofm.  We experienced 
some difficulty in achieving satisfactory control of the temperature of the 
sample because of the short working distance between objective and sample 
required for conoscopy, and the necessity to administer carefully controlled 
displacements of the upper plate of the cell. A glass heater plate using a trans- 
parent tin oxide resistive heating element was inserted under the cell, and the 
equilibrium temperatures on the upper and lower surfaces of the cell were 
measured. Inevitably this procedure gave a small temperature gradient of 
about I-2°C across the cell, the arithmetic mean being taken as the sample 
temperature. For several materials in which 0 3  changes sign within the ne- 
matic range, it was possible to find a temperature range 2-3" C wide within 
which the conoscopic figure would not move when sheared, with a3 positive 
below this range and negative above it. The inversion temperatures TO deter- 
mined in this way agreed with the more accurate values obtained from shear 
cell data as described in Section 4. Since with the conoscopic apparatus it was 
easier to perform a controlled increase in temperature than a decrease, cono- 
scopic determination of TO tended, if anything, to give a slightly higher 
temperature corresponding to 0 3  becoming observably negative. 

2.2 Outline of observations 

2.2. I Homogeneously alignednematics with 0 3  > 0 Observations have been 
made on all the materials listed in Table I. Viewed between crossed polars the 
homogeneously aligned sample initially appears uniformly dark. On applying 
a small oscillation of the upper plate of the shear cell, some materials (e.g. ZLI 
5 18, ZLI 1085, SSM) remain dark while above some well-defined frequency- 
independent amplitude of oscillation others (e.g. the KMT mixtures) show 
slight color changes as thedirector apparently tilts and twists out of the align- 
ment direction. The critical amplitude of this homogeneous instability is con- 
tinuous through the smectic phase of 75KMT. Homogeneous instabilities 
have been observed in the studies of very low frequency and constant shears 
cited in Section I .  

In either case, as the amplitude is increased further, we find (excepting cer- 
tain situations discussed below) an  instability leading to regular spatially- 
periodic large-scale bands parallel to the direction of shear. As stiown in Fig- 
ure 2, the bands always extend across the full width of the cell, but do  not 
necessarily occupy its total length [e.g., Figure 2 (b)]. The light colored (pink 
or blue with our lamp) bands are separated by thin dark lines. Although with 
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200 I14781 M. G. CLARK el a/. 

FIGURE 2 Photographs of bands produced by oscillatoryshearingof homogeneouslyaligned, 
nominally 10 pm. films of ZLI 518 (see Table I )  at room temperature, viewed through crossed 
polarizers: a) A case in which the bands completely fill the cell (frequency of oscillation = 50 HI). 
b) A case in which bands fill only half the cell (frequency of oscillation = 100 HF). 

experience pre-transitional distortions of the motion can be clearly identified, 
the onset of well-formed bands is quite sharp, and the critical amplitude can be 
measured reproducibly as a function of temperature and frequency. The width 
of the bands decreases with increasing frequency, but increases with increas- 
ing temperature or thickness of cell, and is independent of the amplitude of 
oscillation. The transmitted light appears to  be approximately circularly po- 
larized in opposite senses for alternate bands, suggesting loss of guiding within 
the liquid crystal due to a relatively tightly twisted structure. In Section 4.3 we 
argue that the well-formed bands consist of alternating regions of 2 r a n d  -27r 
twist separated by thin (dark) lines of zero twist. Analysis of the motion by 
strobing indicates that the band structure, once formed, is quite stable while 
the oscillatory shear is maintained, and does not try to relax back to the homo- 
geneous state during each cycle even at the low repetition rate of 20 Hz. 
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F L O W  A L I G N M E N T  A N D  OSCILLATORY S H E A R  [I4791 201 

I f  the amplitude of oscillation is further increased, an  instability consisting 
of small-scale rolls with diameters comparable with the cell thickness can be 
observed, using the microscope. in the central region of each light band. The 
axes of these “mechanical Williams domains” are perpendicular to the oscilla- 
tion direction. On increasing the amplitude even more, “dynamic scattering”, 
giving a frosty appearance to the naked eye, appears with a well-defined 
boundary across the cell. Instabilities having these small-scale structures a re  
well known for liquid crystals, and indeed are  rather more obviously to beex- 
pected than the large-scale band structure. 

2.2.2 Homogeneousli, aligned nemarics ~t-irh 03 < 0 Observations have 
been made on K15 ( n - C s H I I . C 6 H 4 . C 6 H J . C N ) ,  MBBA (n-GHg.C6H4. 
N: C H  * C6H4 * OCHj) ,  and K21 in the region where it has 03 < 0. Application 
o fa  small oscillatory shear tends to give a slight uniform color change, viewing 
with crossed polarizers, presumably as the material adopts some modulated 
flow alignment tilt. On increasing the amplitude, no large-scale band-structure 
instability is ever observed, although the mechanical dynamic scattering de- 
scribed in Section 2.2.1 occurs at  high amplitude. 

2.2.3 Horne~rropicall~~ aligned nematics M’ith 03 > 0 Observations have 
been made on ZLI 5 18. Shearing above a critical amplitude produces spatial- 
ly-periodic bands similar in dimensions and appearance, viewed between 
crossed polarizers. to the homogeneous case, but running a t  a n  angle of 
35” -40” to the direction of oscillation [Figure 3(a)]. Both possible orienta- 
tions may sometimes be seen simultaneously in different areas of the same cell. 

F I G U R E  3 a) Photographofbandsproduced byoscillatoryshearingat 100 H z o f a  homeotrop- 
ically aligned 10 pm film of ZLI 5 18 at room temperature. viewed through crossed polarizers. b) 
Photograph of bands produced by oscillatoryshearingat 100 H z  o f a  homeotropicallyaligned 10 
pm film at K 15 at room temperature, viewed through crossed polarizers. In both cases the direc- 
tion of oscillation is shown with double-headed arrows. 
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202 [I4801 M. G .  CLARK el al. 

The transmitted light appears to be almost linearly polarized in the same di- 
rection (parallel to the direction of oscillation) as the incident light, indicating 
that the structure is different and less twisted than the homogeneous case. 
Analysis of the motion by strobing indicates that even in well-formed bands 
the director is relaxing back towards the homeotropic state on each cycle. 

Mechanical dynamic scattering can be observed at high amplitudes. 

2.2.4 Homeotropically aligned nematics with a3 < 0 Observations were 
made on K 15. A small shear apparently tilts the material homogeneously 
along the direction of oscillation. However, above a critical amplitude, bands 
remarkably similar to those found for homeotropically aligned ZL1 5 18 are 
obtained [Figure 3(b)]. Again, bands at both orientations to the direction of 
oscillation have been observed, and on strobing the motion thedirector is seen 
to relax back towards the homeotropic state on each cycle. 

Mechanical dynamic scattering is again seen at high amplitudes. 

3 THEORY 

In  this Section we present a first attempt at analyzing the flow phenomena 
leading to the large-scale band structures described above. We consider here 
only the flow up to and infinitesimally beyond threshold, thus obtaininga de- 
scription of the critical amplitude and initial growth of the instability, but not 
addressing thequestion of what determines thespatial periodicity ofthe bands 
that are finally observed. 

Intuition, supported by more detailed calculations,14 suggests that the limit- 
ing case of infinitely large periodicity gives a reasonably accurate prediction of 
the onset of the instability. Further, we treat the instability as primarily a flow 
phenomenon, thus setting the Frank elastic coefficients equal to zero and neg- 
lecting the consequent influences of surface alignment. This can be justified by 
consideration of the Ericksen numberls* l 6  for the problem: 

viscous stress - pd2u’ - pdwA 
elastic stress 

-- -- coswt = Er’coswt (3 .  I )  K K 
Er = 

where d is the thickness of the nematic film, p and K are appropriate viscous 
and elastic coefficients, and the velocity gradient across the film u’ has been 
approximated by 

u’ = (7) cos wt, 

A sin ot being the displacement of the upper plate of the cell. In our problem 
normally Ero - lo2. Since the fraction ofthe cell thickness taken up by bound- 
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FLOW ALIGNMENT AND OSCILLATORY SHEAR [I4811 203 

ary layers influenced by the surface alignment is' (Er")-1'2 we might expect 
errors of order 10% due to this approximation. As t o  the influence of elastic 
constants on the bulk flow. we may be reassured that the Ericksen number 
remains high as we enter the instability, since we seea long-period structure of 
disclination-free bands separated by walls, in contrast with the mass of disclin- 
ations reported for couette and viscometric flows.'. I' The subsequent appear- 
ance of mechanical Williams domains and dynamic scattering at  higher shears 
could be associated with the tendency to limit the rise in Ericksen number by 
forming regions of high elastic energy as suggested by White el a/.  l 6  However, 
the estimation of Er" does merit greater care as a smectic A phase is ap- 
proached, since the coefficients K22, K31. C Y I ,  a3, and a6 diverge." For homo- 
geneous and homeotropic alignments one could argue that the appropriate 
elastic and viscous coefficients are K I  72, and K33, 71 respectively, where we 
define the Miesowicz viscosities by 

71 = {(-a* + a4 + ac) 

772 = ;<a, + a4 + ah) 
73 = to4 

( 3 . 3 )  

Thus, as we approach a smectic phase, whereas in homogeneous alignment we 
might predict Er" - 00, in the case of homeotropic alignment Er" - 0 and 
our approach would be suspect. Finally, as i n  our  previous calculations." we 
neglect all inertial terms for the reasons advanced by Pieranski el a/." 

With the above assumptions, the continuum hydrodynamic equations'". 
become, in Cartesian tensor notation, 

\I , , ,  = 0, n,n, = 1. (3.4) 

1,,J = p,t ,  RI = yn,,  ( 3 . 5 )  

where v is the velocity, n the director, p the pressure modified to account for 
gravity, and y is an arbitrary scalar. The stress tensor t and the intrinsic body 
torque g take the forms 

1, = CYIAkpnhnpnJlj + CYzNrnJ + CY,NJn, + a.tAt, + CYtArknknJ f CYbAjknknt. (3 .6 )  

&!I = -71 NI  - yzA rknk 

where 

(3 .7 )  

2Aq = \ 'r,J + \ ; , I ,  2Nr = 2nr - ( \ l I , J  - \;,Jn, (3.8) 

and 

yl = a1 - (Y2, 7 2  = a6 - ( Y S  = a3 + 0 2  (3 .9 )  

using the Parodi" relation. 
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204 [I4821 M. G .  CLARK cr ul. 

3.1 Homogeneous alignment 
Taking the 2 axis perpendicular t o  the nematic film and the .Y axis parallel to 
the displacement of the upper plate, v, n, and p have the forms 

\’r = u(z. I ) ,  \’, = \(Z, I ) .  \’: = 0 (3.10) 

n ,  = cos e(z, I )  cos 4(z, f ) ,  n, = cos O(z. I )  sin 4(z. I ) ,  

n, = sin e(z .  1 )  (3. I I )  

p = p ( z .  I )  (3.12) 

where f denotes time. Clearly, our  choice immediately satisfies the constraints 
(3.4). Also, the first of Eq. (3.5) has a solution in which 

Ix :  = X ( t ) ,  I , :  = Y(I) ,  (3.13) 

X ( l )  and Y ( I )  being arbitrary functions of time. The  second of Eq. (3.5) com- 
bined with (3.7) and (3.9) yields, after elimination of the scalar y, 

yli + K(e)(u’ cos 4 + \!’sin 4) = o (3.14) 

(3.15) yl cos‘ e i  - L(e)(rr’sin 4 - \I’ cos 4) = o 
where 

K(0)  = a3 cos’ e - cw sin’ 8, L(e )  = a? sin e cos 8, (3.16) 

and the prime and dot denote partial differentiation with respect to z and 1. 

respectively. Employing (3.6). theexpressions (3.13) lead to equations for the 
velocity gradients 

(M(e) + N(e))(u’ cos 4 + V’ sin 4) + k’(e)e 
= X ( I )  cos 4 + Y ( I )  sin 4 (3.17) 

M(O)(u’ sin C#J - V’ cos 4) - L(e)& = X ( r )  sin C#J - Y(r)  cos 4 (3.18) 

where 

2 ~ ( e )  = + (a5 - a 2 )  sin’ 8, 2~(e) 
= (03 + a6 -t 2al sin’ 0 )  cos‘ 0 (3.19) 

By elimination oftheflowgradients,(3.14)and(3.15)could bereduced t o a  
pair of equations for 0 and 4 in terms of the applied tractions. However, for 
our purpose it is more convenient to combine (3.14) and (3.17) to yield 

G(e)(u’ cos 4 + \ ” s in  4) = X ( t )  cos 4 + Y ( I )  sin 4 

ylG(e)e + K ( e ) ( X ( f )  cos 4 + Y ( f )  sin 4) = 0 

(3.20) 

(3.21) 
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FLOW ALIGNMENT AND OSCILLATORY SHEAR [I4831 205 

with 

y , c ( e )  = yl(M(e)  + N ( e ) )  - K?(e) .  (3.22) 

Similarly. (3.15) and (3.18) yield 

H(B)(u’sin 4 - v’ cos 4) = X ( t )  sin $I - Y ( t )  cos C$ (3.23) 

(3.24) yl  COS? OH(@ 4 = L ( e ) ( X ( t )  sin 4 - Y ( r )  cos 4) 
where 

yl  COS? e H ( e )  = y l  COS? e M ( e )  - P ( e )  (3.25) 

and the viscosity functions G(0) and H ( 0 )  are both always positive.:’ 

to 
For motions with n a n d  vconfined to the.uzplane,(3.20)and (3.21) reduce 

c(e)u’ = x(r). ylc(e)e + K ( e ) x ( t )  = o (3.26) 

while (3.23) and (3.24) are automatically satisfied provided that there is no 
transverse component of stress. Taking (3.2) for the velocity gradient, equa- 
tions (3.26) combine to yield 

4 = -(sin’ e + E cos’ e)Bw cos at (3.27) 

where 

e = - -  f f 3  B = -  I f f4  A 
f f?  Y l d  

assuming that a: is always negative. Integration of (3.27) yields 

(3.28) 

tan e = 1 

choosing 0 = 0 at I = 0 in  both cases. 
When a3 < 0, the oscillations in the tilt angle 6 are bounded for all A ,  these 

bounds never exceeding the flow alignment angles, f arctan((e1 for con- 
stant shear. However, when a3 > 0, although the oscillations of 0 are small if 
both c and A are small, the amplitude of oscillation increases quite rapidly as 
A increases, with tan 0 diverging for a critical amplitude 

A,. = f . r r&e- l ’ ’  + P2) (3.31) 

In order to investigate thestability ofthe in-plane motion we consider small 
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206 [I4841 M. G .  CLARK el a/. 

perturbations from the plane of the imposed shear, and seek to determine 
when such deviations will grow in magnitude. Thus if the angle and the 
transverse flow component v are non-zero but small, one again obtains (3.26) 
from (3.20) and (3.21). but (3.23) and (3.24) now yield 

H(e)(u'4 - 1,') = x(t)4, yl COS? eH(e)& = ue)x(t)4,  (3.32) 

this assuming that the transverse component of shear stress is negligible. 
Combining the second members of (3.26) and (3.32) we obtain 

(3.33) 

Rewriting the functions G(0) and H(8) defined by (3.22) and (3.25) in the 
simpler forms 

G(8) = q( I + 2p sin' e cos' e), H(e) = q(sin' e + A cos2 e)  (3.34) 

7 = 771 - d / y i ,  2t7p = ( y f / y l )  + L Y I ,  q A  = q3, (3.35) 

*- tan OG(B)#J 
de 

- 
H(e)(sin' e + E cos' e) 

where 

both q and A being necessarily positive,'.' and making the substitution 

s = tan% (3.36) 

then (3.33) becomes 

(3.37) 2d4 - s' + 2( I + p)s + 1 -- 
&fs (s -I- I)(s 4- A)(s -4- t )  

In the general case I # t # A # I this yields 

where 40 is the value of C#I at 0 = 0 and 

( 1  - A)' - 2pA 
( 1  - A)[t  - A )  

('= (3.39) 
( I  - e y  - 2pE 

, h =  2P a =  
( 1  - E)(A - I )  ( I  - t ) ( A  - E ) '  

Note that a + h + c = 1.  Various special cases follow either directly from 
(3.37) or by taking appropriate limits of (3.38): 

if 1 = t f A  

2 m  
( I  - A)' 

k =  
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FLOW ALIGNMENT AND OSCILLATORY SHEAR 114851 207 

I=- 2Pe 
( I  - €)’ 

4J2 - = sec’ e exp ip  sin4 el 
4: 

(3.41) 

(3.42) 

(3.43) 

We suppose that for a flow alignment instability to occur, two conditions 
must be satisfied. First, when the amplitude A becomes sufficiently large the 
ratio n:/(ny)’. where n: is they component of the director for 8 = 0, must at- 
tain either very large or very small values during the motion. The former case 
corresponds to small transverse perturbations, when the director is in the 
plane of the cell, being amplified when the director turns out of the plane, and 
the latter to transverse perturbations, when it is out of the plane, becoming 
amplified as it returns to the plane. Second, large deviations in 8 must occur 
during the motion, since the finite amplitude instability is driven by the intrin- 
sic non-linearity arising from the &dependence of thecoefficients in the equa- 
tions of motion. 

Since the thermodynamic inequality yl > 0 implies that e > - 1 .  it is evi- 
dent from (3.30) that the second condition is not satisfied when ( ~ 3  < 0. 
Clearly this is not so when a3 > 0, and to investigate the first condition we 
examine the quantity 

(3.44) 

Itisconvenient todistinguishthethreeregionst 
when e 4 I ,  (3.38) gives 

1.t - I , ande  S I.Thus, 

Z a e-i’hA-c @ 1 ( I f A Z e )  (3.45) 
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while the special cases (3.41) and (3.42) yield 

z = c-le?' S I ( A  = I )  

and 

Evidently the instability is expected when 0 < e < I .  
However, if - I ,  (3.40) and (3.43) yield 

(3.46) 

(3.47) 

(3.48) 

and 

z = e' (A = t) (3.49) 

respectively. In this case Z is O( I )  and, although the expression for the critical 
amplitude A, is a- minimum, the planar motion is expected to  be stable. 

Finally, when e 9 I ,  (3.38), (3.41), and (3.42) yield 

z e ( 2 P / t ) - I  A 213Ait (I -Al  ( I f A Z e )  (3.50) 

where 

(3.51) 

(3.52) 

(3.53) 

noting that since e S 1 is associated with pre-smectic behavior, a1 will also be 
large in magnitude. The case A = e, (3.52), is not expected in practice since A 
does not diverge at  a nematic to smectic phase transition. Thus our  analysis 
predicts that an instability with 2 S 1 will occur provided 2P > t .  If 2 0  < t 
an instability with Z 4 1 is predicted. In either case it could beargued that the 
threshold may become less marked as e - 00, since the factor t l i 2  premultiply- 
ing tan in (3.29) will cause 8 to be largeeven before A attains A,. However, we 
have seen no direct evidence for this, although we would not exclude the pos- 
sibility that such a large premultiplier could be one of the factors involved in 
the homogeneous color change transition mentioned in Section 2.2. I .  

3.2 Homeotropic ailgnment 
Retaining the Cartesian axes used in Section 3.1, we now take spherical coor- 
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dinates with the azimuth 8 measured relative t o  the yz plane. Thus 

nr  = sin 8, n,. = cos 8 sin 4, n; = cos 8 cos (3.54) 

By mathematical analysis rather similar to that detailed in Section 3.1 we ob- 
tain for the basic planar motion 

tan e = { 

When a3 > 0, the oscillations of 8 are again unbounded, with tan 8 diverg- 
ing when sin wi = 1 for a critical amplitude A,. given by the same formula, 
(3.3 I ) ,  as in homogeneous alignment. Examination of small perturbations 
from the plane of the imposed shear yields 

(3.57) - 4’ = ( 1 + tan’ e)“(i + t tan2 e ) h (  1 + A tan‘ ey 
4: 

[where a, b, and ca re  given by (3.39)] for thegeneral case 1 # E # A # I ,  with 
special cases analogous to  (3.40)-(3.43). The three cases E 4 I ,  t - I ,  and 
t 9 1 can be discussed with similar results to homogeneous alignment, except 
that 1 / Z is large or small according as Z would have been large o r  small in 
homogeneous alignment. Thus (except when I 4 t > 2p) the instability is as- 
sociated with Z -% I .  This means that small perturbations when thedirector is 
in the plane of the cell will be amplified when it returns to  a perpendicular 
orientation; actually the same mechanism as that operated for homogeneous 
alignment. However, arguments above concerning the Ericksen number cast 
doubt on the neglect of elasticity effects when t 2 1 in homeotropic align- 
ment. Thus, our principal result is that a flow alignment instability should 
occur if 0 < t < 1. with the same critical amplitude as in homogeneous 
alignment. One could argue that the threshold might become less marked as  
E - 0 because of the factor t - I / *  premultiplying tan in(3.55), although we have 
not observed evidence of this in practice. 

I f  a3 < 0, the oscillations of 8 are bounded, never exceeding k arccot 
(It( ”‘). This corresponds to  tilt angles lying between 7r/2 and the flow align- 
ment angle. The factor I t I - I / ’  premultiplying tanh in (3.56) means that, in con- 
trast to homogeneous alignment, large deviations in 8 can occur during the 
motion if (tl  is small. Further, from (3.57) and (3.39) 

Z K ( ~  - 1t1 tan’e)l” (3.58) 

can become very small as tan’ 8 - 1 / I E ~ .  Thus we predict, and observe, a flow 
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alignment instability for small negative a3, in  contrast with homogeneous 
alignment. Since (3.56) shows no obvious divergent feature, an expression for 
thecritical amplitude in this case appears to be beyond the scope ofthe present 
calculation. However, we show in Section 4 that the observed critical ampli- 
tudes correspond to 0 attaining a fixed, large, value, supporting our basic as- 
sumption that the strong non-linearities associated with largeamplitude oscil- 
lations of 0 are an essential requirement for the instability. 

4 DISCUSSION AND INTERPRETATION 

4.1 Materials with t > 0 
We consider first the region 0 < c 4 I .  Figure 4 shows plots of A, against 
temperature for both homogeneously and homeotropically aligned 10 pm 

A, 
(cm) 
0.025 

0.020 

0.01 5 

0.010 

0~005 

00 

ZU 518,lOpm cell 
0 U O t l Q C E ~ ~  

I AH(wIc=- 

I 
I 
I 
I 
I 
I 

i N  
I 
I 
I 
I 

I I 

~ 3 0 4 0 5 0 6 0 7 0 ~  
TEMPERATURE ('C 1 

I 

FIGURE 4 Plots of critical amplitude A, against temperature for both homogeneously and 
homeotropicallyaligned IOpm cellscontaining ZLI 51 8. The broken line shows the temperature 
at which a> = 0. 
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cells containing ZLI 518. In this material t is small and positive at room 
temperature and decreases to zero with increasing temperature. The differ- 
ence in critical amplitude of the two cells is significant only at lower tempera- 
tures where the Ericksen number is smaller. The prediction that the critical 
amplitude is independent of frequency is very well confirmed by all our  data, 
even in regions where some effects due to lower Ericksen number are percepti- 
ble. Table I 1  gives some sample data. An attempt was also made to verify that 
A,. a: d. but unfortunately the only glass fibers available to us with diameters 
other than lOpm were not very satisfactory as cell spacers with the result that 
we were able to confirm this result only qualitatively. 

The inversion temperature at which t = 0 can be located accurately by sup- 
posing that close to its zero t is a linear function of temperature. Then, by 
(3.31). l/Afshould bealinear functionoftemperature. FigureSconfirms that 
1 / Af does indeed give linear extrapolations for the data in Figure 4, thus sup- 
porting the t-It2 dependence of A, predicted by (3.31). Further, the data for 
homogeneous and homeotropic cells extrapolate to exactly the same tempera- 
ture (73" C). The agreement here will be aided by the fact that the temperature 
at which I / A: vanishes is independent of cell thickness and by the increasing 
Ericksen number. We believe that extrapolation in this way is an accurate and 
convenient method for determining the inversion temperature; a similar ex- 
trapolation was used by Pieranski, Guyon, and Pikin5 in their studies of a dif- 
ferent instability in HBAB (4-n-hexyloxybenzilidene-4'-aminobenzonitrile). 

A further advantage of the I / Af extrapolation procedure is illustrated by 
the data for ZLI 1085 summarized in Figure 6. This material has a rather sim- 
ilar temperature variation of e, except that the extrapolation shows clearly 
that the inversion temperature is above the clearing point. Conoscopic exami- 
nation confirms that a3 > 0 up to the clearing point, but cannot, of course, 
give a value for the"virtual" inversion temperature. The ester mixture denoted 
SSM in Table 1 also has a virtual inversion temperature. Indeed, it is our gen- 

TABLE I1 

Sample of data taken for ZLI 518 in a 10 pm homogeneously aligned cell, 
illustrating the frequency independence o f  A, 

Values of AC,  in cm. at various temperatures 

Freq./Hz 17°C 34°C 41°C 50°C 

10 0.008 
20 0.008 0.008 0.010 0.01 1 
30 0.008 0.008 0.009 0.01 1 
40 0.008 0.008 0.0 10 0.01 1 
50 0.007 0.007 0.009 0.012 
60 0.006 0.008 0.0 I0 0.01 1 
70 0.006 0.007 0.010 0.01 1 
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Z L I  518 l o p  cell 
0 hi MOMOQENCOUS 
4 YA: HOPlEOTROPlC 

Y& HQnO6ENEOUS \ 
A 

'/A, 
"9cm'l 1 

140 

120 

100 

00 

60 

40 

20 

;O 

F l G U  R E  5 
I A: extrapolates linearly to the temperature at which ( ~ 1  = 0. 

Plots of I A ,  and I A: against temperature fordata taken from Figure4. Note that 

era1 observation that if a) is positive over part of the nematic range o f a  mate- 
rial it tends to be positive over much or all of that range. 

Figure 7 shows data o n  the width of the bands in a 10 pm homogeneous cell 
containing ZLI 518, plotted as the number of bands per unit length as a func- 
tion of frequency of oscillation and temperature. The number of bands ob- 
served in a cell is the integer nearest the ratio of the active width of the cell 
divided by the width Wof the bands, suggesting an  analogy with convective 
instabilities. Notice that the data extrapolate to W - 1 cm at zero frequency, 
corresponding for our cells to rather more bands than for the anticipated low- 
est mode of one or two bands per cell. The natural scaling laws of the varia- 
b l e ~ * ~  suggest that d /  Wshould be a function of df"', where,fis the frequency 
of oscillation, but it is evident from our data that this function is certainly not 
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ZLI  518 lOpm cell 
W=average width of 

patches 

FREQUENCY ( Hz 1 
F I G U R E  7 Data on the average width of the bands in a 10 pm homogeneously-aligned cell 
containing ZLI 518, plotted as the number of bands per unit length, I /  W. against frequency of 
oscillation for various temperatures. The width is independent of the amplitude of oscillation to 
within experimental error. 

where, from Figure 7, the function Fincreases as its argument increases. Eq. 
(4.2) implies that W should increase with increasing temperature (since ~d 

surely decreases) and with increasing d, both of which are confirmed by our  
experiments. 

We turn now to the region of larger positive t. To explore this region we 
have studied several materials showing actual or incipient smectic behavior. 
Figure 8 shows a plot of A, against temperature for a Demus ester mixture 
denoted S S M  in a 10 pm homogeneous cell. As temperature is decreased from 
the virtual inversion temperature of 80°C or more, E increases, attaining the 
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SSM 
R+-co~--@-oR’ 

R R’ 
Cr C, 422 
CI cs 402 
CS Ca 182 

l+tn cell 

0015 1 

0.005 

/ 

‘ /  

\ /  
\ ‘  
J 

FIGURE 8 Plot of A,. against temperature for the Demus ester mixture denoted SSM in a 10 
pm homogeneouscell. The solid curves show the temperature regions in which it was possible to 
observe bands, and the broken curve the “stability gap.” 

value unity at about 35°C and diverging to  -too as the temperature approaches 
the nematic to smectic A phase transition at  28°C. The solid line in Figure 8 
shows temperature regions in which it was possible to observe bands, with 
points identifying temperatures a t  which careful measurements of A, were 
made. In agreement with theoretical predictions, we observe a “stability gap” 
around the minimum in A,. The curve in this region has been interpolated 
using the theoretical value nd for the minimum of A,. Notice that the diver- 
gence of A,, and t, occurs significantly outside the “strong” smectic phase 
shown by this material. 

The influence of incipient and actual smectic A phases can be explored by 
use of mixtures showing re-entrant behavior. Figure 9 shows data  taken in 10 
pm homogeneous cells for three re-entrant mixtures based on cyanobiphenyl 
materials.*’ As the ratio of K 2  1 t o  M24 is reduced we pass from a n  incipient 
smectic phase to  an actual phase with a central temperature of 16OC. Thus the 
mixture with 80% K21, denoted 80KMT, shows a steady increase in e as  the 
temperature is lowered from the inversion temperature of 48.5”C, but the in- 
cipient smecticity is insufficient for E t o  approach unity even close to  the cen- 
tral temperature of 16°C. However, a slight decrease in the K21: M24 ratio to  
79% K21, although insufficient to cause the smectic phase to  occur, is suffi- 
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0.03 

A, 
(cm) 

0.02 

0.01 1 

N 

M .  G .  C L A R K  P I  ul. 

%,79 8 80 KMT 
Re-entrant nematic mixtures 

75'L 

N 

0 

I 
I 
I 
I 

I I 
I 

s i b  13 2b 23 3b 35 4~ c5 5b 
TEMPERATURE ( O  C 1 

0.0 

F I G U R E  9 Plotsof .4, against temperature forthe mixtures 75K MT. 79K MT.and XOK MTol  
cyanohiphenyl and cyanoterphenyl matcrials in 10 p m  homogeneous cells. I'he tertical broken 
linesshowtemperaturesat which LII = Ofarthe respecti\;emixturesand the brokencuI-\e.,stahil- 
ity gaps. The N-SA-N phase boundaries shown apply in 75KMT. 

cient for its influence to raise E to about unity in the region of the central 
temperature. causing a stability gap. The values of A,. below the stability gap 
are unexpectedly low for reasons which are not yet clear but appear not to 
include experimental error. 

Further decrease in the K2 1 : M24 ratio to 7574 K 2  1 causes a smectic A phase 
to appear in the range 16 f 4°C. Unfortunately the inversion temperature 
(but not theclearing point) is sharply lowered to  3 1°C so that thevariation of E 

in the upper nematic range, from zero at 3 I" C to divergence to +- on entering 
the smectic phase. is rather rapid. On leaving the smectic phase to the lower 
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nematic. a rapid decrease in E from +m is observed. Noticethat thedivergence 
of A ,  due to this "weak"smectic phasedoes not occur until  the temperature is 
significantly inside the smectic region. The phase transition temperatures ob- 
served in the actual cell used agreed well with separate microscopical observa- 
tions. Further, i n  theabsence of shear, the alignment of thesmectic, as judged 
by use of polaroid and the unaided eye, appeared uniform homogeneous even 
after the cell had been subjected to  prolonged and vigorous oscillatory shear- 
ing within the smectic range. Perhaps theeffect could be interpreted in terms 
ofsuppression of the transition to thesmectic phase by the imposed shear (cf. 
de Gennes"'). 

Figure l0shows theplotsof I Afagainst temperature usedtodetermine the 
inversion temperatures; notice the particularly good linear extrapolation for 
80K MT. 

Data on two individual cyanobiphenyl compounds, studied in 10 p m  ho- 
mogeneous cells, are shown in Figure I I .  The upper panel shows a plot of criti- 
cal amplitude against temperature for K2 I .  The material was supercooled 
without difficulty and we were able to observe t increasing from zero at  31°C 
as the temperature was decreased. The observation of positive 01 below 3 1°C. 
which was confirmed by the conoscopic method, suggests that the observa- 
tions of Skarp e /  a/." on K2 I ,  using a Wahl-Fischer rotational shear flow ap- 
paratus. may perhaps require reinterpretation taking into account neglected 
factors such as the radial shear gradient and elastic forces. 

The lower panel in  Figure I I shows thecritical amplitude for K24. Thedata  
are very similar to those for the upper nematic range of 75KMT. with rapid 
variation in t and penetration of the instability into the(by inference) "weak" 
smectic phase. Skarp ct a/.'' have reported measurements of t for K24 ob- 
tained by use of a Wahl-Fischer apparatus in which an electric field could be 
applied across thenematicfilm. Thevalues of t  extracted from thedata shown 
in Figure I I by use of ( 3 . 3  I )  are in poor agreement with theirs, but it must be 
remembered that for our  values, at least. the estimated errors are quite large 
(&30%), due mainly to uncertainty in the precise value of tl. and that we esti- 
mate above that factors neglected in our  theory were of the order of lo%*. 
Skarp ('I a/. have also reported'' that when the rotational shear imposcd by 
relative rotation of the circular plates of the Wahl-Fischer apparatus is large 
enough they observe dark concentric bands. These bands differ from those 
reported here in several respects: they are observed without use of an analyzer, 
they remain for some time after rotation has stopped (whereas our  bands dis- 
appear immediately shearing is stopped), and  the ratio of band width to  cell 
thickness W / d  is smaller in their case at roughly 10 compared with 10'. We 
suggest that their bands may involve formation of disclinations, possibly in 
substantial numbers, in a manner analogous to that observed by Cladis and 
TorzaY in couette flow. The observations of Hiltrop and Fischer" on radial 
Poiseuille flow may also be relevant. 
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FIGURE 10 Extrapolations of I / A :  against temperature for data taken from Figure 9. 

4.2 Materiais with t < 0 
As noted above, if e < 0 flow alignment instability leading to large W / d  bands 
is observed only for homeotropic alignment. Table Ill gives data on the criti- 
cal amplitude A, for observation of these bands in K15. The last column in the 
table gives thecorresponding values of the amplitude 8, of the oscillations of 8, 
calculated using measurements of e taken from Skarp et d.*' It is seen that 
over a fourfold change in A, thecritical amplitude &is constant withinexper- 
imental error. Thus it seems that the instability occurs when the amplitude of 
the planar motion reaches about 73.5", supporting the arguments given in 
Section 3.2. 
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0.0 ,< 

0.02 

A, 
(cm) 

0.01 

0.0 
0-03 

A, 
(cm) 

0.02 

0.01 

2b 25 $0 $5 

2p 25 3p 35 , 

Critical amplitude and director azimuth as a function of temperature for K15 
in a homeotropically aligned 10 p m  cell 

Critical amplitude 
Temperat ure/"C A,/cm e,.* 

18 0.002 [63. lo] 
20 0.003 70.1" 
25 0.004 73.4" 
29 0.006 75.70 
33 0.008 74.9" 

"8 ,  valuesarecalculatedfrom Eq.(3.56)usingvaluesofetakenfromSkarperal.:"[ ]signifies 
that e was obtained by extrapolation outside the temperature range for which data were reported. 
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4.3 Structure of the bands 
The bands observed in homogeneous and homeotropic cells are rat her similar 
in  that they have large W / d  ratios of order lo', and frequency independent 
critical amplitudes A, which are approximately the same for both alignments 
if (YJ > 0. These similarities are consistent with our theory in which the infin- 
itesimal instability is broadly similar in  all cases in which bands occur. How- 
ever, as outlined in Section 2, the bands differ in structure reflecting differ- 
ences in the finite instabilities. These differences may be qualitatively 
understood by considering the different topological constraints imposed by 
the two alignments. 

It is convenient to represent the variation ofthe director through the cell by 
the locus traced out on the unit sphere by the tip of the vector n(z) as z varies 
from zero to d. The locus is drawn in two dimensions as its stereographic pro- 
jection on theequatorial plane of the sphere. Analogous representations were 
used by Van DoornZ9 and Berreman." 

Referring to Figure 12, when A = 0 the locus for homogeneous alignment 
is a point on the equatorial plane (or, strictly, tilted above 2" above it for 
rubbed PVA alignment). As A increases, the amplitude at one extreme of the 
planar motion is a double line running up towards the pole of the sphere. The 

X 
f 

x 
T 

FIGURE 12 Upper part shows stereographic projections of possibledircctor configurationsat 
one extreme of the motion during oscillatory shearing of thin homogeneously-aligned nematic 
films. Lower part shows the corresponding diagrams for homeotropically-aligned films. In both 
cases some lines have beenseparated slightly forclarity. The heavy dot shows the configuration in 
the absence of shear, and the direction of Ihe applied orillation is pamM to x. 
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effect of deviations out of the plane as the director becomes upright might be 
to deflect this line or open it into a loop at its upper end. In the limit, the 
former leads to n + (-IT) twist and the latter to  27r twist. It is difficult to dis- 
tinguish these two possibilities by their optical transmission without elaborate 
measurements. However, the stroboscopic observations (Section 2.2. I )  favor 
the 27r structure since this appears significantly more inhibited from relaxing 
back to the homogeneous state than the 7r + ( - T I T )  structure. Thus, as noted in 
Section 2.2. I ,  the observed structure is interpreted as alternate 27r and -27r 
bands separated by walls of zero twist. The topology of such walls has been 
discussed by Stieb and Labes.j' 

With prolonged shearing above the critical amplitude it is possible to form 
small irregular patches apparently having an odd twist, probably f 7 r .  These 
patches are separated from the main f 2 n  twist by narrow walls or disclina- 
tions. and whereas the f 2 n  bands disappear the instant shearing is stopped, 
the patches, as might be expected, disappear completely only after a short pe- 
riod of time. The odd and even twistsare also distinguished by the orientation 
of mechanical Williams domains. In both cases the rolls form perpendicular to 
the direction of n at the center of the layer. Thus they are perpendicular to the 
direction of oscillation for the f27r bands and parallel to it for the ktn patches. 

Returning to Figure 12, in the case of homeotropic alignment the locus 
when A = 0 is a point at the pole. As A increases the locus of the amplitude at  
one extreme of the motion becomes a double line running down towards the 
equator. Deviations out ofthe plane can again either displace this line or form 
a loop, leading in the limit to t 7 r  + (-in) or 7r twisted structures, respectively. 
It is not obvious that these possibilities can be distinguished on the available 
experimental evidence. Neither appears particularly inhibited against relaxa- 
tion to the homeotropic configuration. consistently with stroboscopic obser- 
vations (Section 2.2.3 and 2.2.4). It is tempting to associate the slightly lower 
critical amplitudes observed for homeotropic alignment (Figure 4) with the 
lower elastic energy of the less twisted structures formed. The significance of 
the non-zero angle between the bands and the direction of oscillation in ho- 
meotropic alignment is unclear; any slight ellipticity in the motion of the 
upper plate could obviously be a factor. 

Since the period of the applied shear in our experiments is always shorter 
than the free relaxation time for director re-orientation, the appearance of rel- 
atively high twists in the observed flow alignment instabilities could be ration- 
alized in  terms of selection of a faster-responding mode as the steady state so- 
lution left after transients have died away. 
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